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EQUILIBRIUM PROBLEM OF AN ELASTIC PLATE
WITH AN OBLIQUE CRACK

A. M. Khludnev UDC 539.375

Equilibrium problems of elastic plates having vertical cracks (cuts) have been thus far studied in
sufficient detail [1-3]. In the present paper, the conditions of mutual impenetrability of the sides of an oblique
crack in the Kirchhoff-Love plate are obtained, equilibrium probiems of a plate are formulated, and the
main difficulties that arise in studying similar problems are discussed. As it turns out, the impenetrability
condition for an oblique crack is of a nonlocal character in the sense that its expression for a given fixed point
contains the values of plate displacements both at this point and at a point on the opposite side of the crack.
This circumstance makes the impenetrability condition obtained substantially different from the corresponding
condition for vertical cracks. In particular, unlike vertical cracks where the equilibrium conditions are satisfied
at all points of the middle surface, the equilibrium conditions here are satisfied only in a region that is external
relative to the projection of the crack surface onto the middle plate surface. This property of nonlocality is
new in the theory of plates and can serve as the source of a number of new mathematical formulations of
boundary-value problems. As for conventional approaches to the description of cracks in elastic (and inelastic)
bodies, the literature is extensive.

In the present paper, we shall not discuss these approaches but simply note that they admit the
possibility of mutual penetration of the crack sides [4-6]. The properties of boundary-value problems that
arise in such cases were analyzed, for example, by Grisvard (7], Ohtsuka (8], Kondrat’ev et al. [9], Oleinik
et al. {10}, and Nicaise [11]. From the viewpoint of boundary-value problems, it is important to emphasize
that, in any case, the presence of cracks (cuts) in a plate leads to the appearance of nonsmooth components
of the boundary. The approach considered in [1-3] differs from the traditional ones by the fact that it is
characterized by boundary conditions in the form of inequalities at the crack sides. For an oblique crack, the
situation becomes even more complicated, because the equilibrium conditions are affected by the opposite
crack sides. In reality, this means that additional terms which incorporate the response of opposite sides
appear in the equilibrium equations. These terms can be found only after the problem is solved as a whole.

1. Derivation of Impenetrability Conditions. Let the middle surface of a plate occupy the region
Q. = O\ T, where @ C R? is the bounded region with a smooth boundary T, and T is the smooth curve
without self-intersections which lies in  (see Fig. 1). The vertical cross section of the plate is shown in Fig. 2.

The middle plate surface lies in the plane z = 0. The coordinate system (z,z2, z) is Cartesian and
z = (z1,22).

Let the crack surface ¥ be described by the function z = ®(z) (z € Qy). Here Qy is the orthogonal
projection of the crack surface [of the graph of the functxon z = ®(z)] onto the plane z = 0. The normal to

the surface z = ®(z) (¢ € Qy) is denoted by n(z) = (- z),1)/1/1 + |V®(z)|2. The chosen direction of
the normal n(z) determines the positive and negative cra.ck 51des denoted by ¥+ and ¥, respectively. The
curve I'c is the intersection of the crack surface ¥ with the plane z = 0. For simplicity, it is assumed that
IVe(z)| # 0 (z € Qu).

The projection g of the surface ¥ can be naturally presented as a sum of two sets in accordance
with the chosen direction of the z axis, namely: Qy = Q$ U Q. We assume that if a part of the surface ¥
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is projected along the positive direction of the z axis, the corresponding projection of this part is denoted by
QF, and the projection of a part of ¥ that is projected in the direction opposite to the z axis is denoted by
y. In particular, the curve I'; belongs to both Q$ and Qg.

The direction of the normal v = (v,1;) to the curve I'c in the z plane is assumed to be chosen as
indicated in Fig. 3.

Let z € Qy. The orthogonal projection of the point z onto the curve I'; is denoted by y = Pz (see
Fig. 3). The sets Q% are assumed here to be sufficiently small in the sense that the quantity y = Pz is defined
unambiguously for each z € Q\%

Recall that in the theory of Kirchhoff-Love plates, horizontal displacements depend linearly on the z
coordinate {12]:

W(z)=W - 2Vw, |z| < 2.

Here W = (w!,w?) and w are the horizontal and vertical displacements of the points in the middle plate
surface, and 2¢ is the thickness of the plate. The vector of displacements of the points on the middle surface is
denoted by x = (W, w) and x = x(z) (z € §c). Not leaving the framework of the Kirchhoff-Love hypotheses,
we exprass the displacements of the plate points at the crack sides via ¥* and derive the condition of mutual
impenetrability of the sides.

Let (z,2) € ¥ (z € Q;) In accordance with the Kirchhoff-Love formulas, the displacement vector
at the point (z, z) is of the form

xH(z,2) = (WH(z) - 29wt (z), w*(z)), ze0, 2=(x). (L1)

For the points (z,2) € ¥~ (z € Qf), the displacement vector can be found by the following formula:
- - - - ow~

x~(z2) = (W)~ Vo @) w @) +le - 9172 Y), =P (1.2

Formula (1.2) implies that the horizontal displacements at the point (z,z) € ¥~ (z € QF) coincide with
those at the point (y, 2) (y = Pz), while the vertical displacements are different from those at the point (y, 2)
(y = Pz) by the term |z — y|0w™ (y)/0v.
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The condition of mutual impenetrability of cracks at the point (z,2) € ¥ (z € Q) is as follows:

(xt(z,z2) = x"(z,2))n(z) 20, =z€Qf, z=08() (1.3)
According to (1.1) and (1.2), substituting the vectors x*(z, z), we obtain
(¢*(@) = x~@)n(@) - (FE) - X7 @n(e) 30, z€ QY z=8(), y=Pr, (L4
where
XH(6) = WEE)wi () xE(s) = (sw(s) s - Py 20 ),
Here we used the following notation: 8/0v* = 8/dv and 8/9v~ = —8/8v. Note also that, according to the

above definitions, y = Py for y € [..

Similarly, if we consider the points (z,2) € ¥F (z € 07), we can derive an impenetrability condition
of the form (1.4).

Indeed, let (z,z) € ¥+ (z € Qg). Then

+ + + + w*(y) -
x*(e,2) = (W) = 290t @),wt ) - ko -y =), 2 € 05, 2=8(z), y=P2.  (19)
Similarly, if (z,z) € ¥~ (z € Qg), then, in accordance with the Kirchhoff-Love hypotheses,

X" (2,2) = (W™ (2) — 2Vuw™(z), w™(z)). (1.6)

Substituting the values of x*(z,z) from (1.5) and (1.6) into the impenetrability condition (xt(z,z) —
x"(z,2z))n(z) 2 0 [z € Qf and z = ®(z)], we have

(T = x"(@)n(z) = (F @) ~ xz (@)n(z) 20, z€Qy, z=8&(z), y=Ps. (1.7)

Thus, the condition of mutual impenetrability of the sides of an oblique crack is described by inequalities
(1.4) and (1.7), which are of a nonlocal character in the sense that along with the values of the functions at
the point z, they contain those at the point y = Pz as well, the latter being taken at the opposite side of the
crack.

It is important to note the following circumstance. If a crack that is described by the surface z = ®(=z)
is transformed into a vertical crack that corresponds to the cylindrical surface z € T, —¢ < z < ¢, relations
(1.4) and (1.7) are transformed into the known impenetrability condition for vertical cracks [1-3]:

[W(@)v(z) = e [?-’-g—(:—)] ,  zel. (1.8)

Here [V] = V* —V~ [V* correspond to the V values taken at the positive and negatives sides . with respect
to the direction of the normal (vy,12)]. Indeed, in this case the normal n(z) is transformed into the vector
(v1,v2,0), and conditions (1.4) and (1.7) yield, respectively,

[W(z)jv(z) 2 z[Vw(z)|v(z), z €T, - <2<0; (1.9)
(W(z)]v(z) 2 2[Vw(z)lv(z), z€T, 0<z<e. (1.10)

Evidently, condition (1.8) is equivalent to (1.9) and (1.10) [2].

Note that if the crack is partially oblique or partially vertical (see Fig. 4), the impenetrability conditions
of its sides are of the form (1.4) and (1.10).

Similarly, one can consider other cases of crack obliqueness, for example, the case given in Fig. 5. We
omit the corresponding formulas here, because this is easily done using the above considerations.

2. Formulation of the Boundary-Value Problem. Existence of the Solution. We shall consider
the boundary-value problem of the equilibrium of a plate containing an oblique crack and prove the existence of
the solution. We shall deal with the crack shown in Fig. 2. As is known, the mutual-impenetrability conditions
of the crack sides have, in this case, the form of (1.4) and (1.7). Let, as before, x = (W, w) be the displacement

z
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z = P (x)

z = Q,(x)

Fig. 4 Fig. 5

vector of the points on the middle surface of the plate. We introduce the strain tensor of the middle plate
surface
1/0w' 0w
J=esh), e =525+ 20) e
127 EJ(W) E‘J( ) 9 a:EJ + 8.’27;‘ (17] 17 2)
and the strass tensor 0i; = 0y;(W), 4,5 = 1, 2, o11 = €11+ 2€22, 022 = €32+ @£11, 012 = (1 —&)e12, & = const,
0 < & < 1/2. The energy functional of the plate is of the form

I(x) = (1/2)B(W, W) + (1/2)b(w, w) — (f, x)-
Here B(W, W) = (a,'j(W),s.'j(VV)),

b(w, w) = /(wzzu—’u + WyyWyy + EWrzWyy + EWyyWzz + 2(1 — 2)wzythry)d Qo;
QC
the brackets (-,-) denote integration over (1.

We assume that f = (fi, f2, f3) € L*(Q). Let H(Q) = HM0(0:) x H° () x H*%(0),), where H*%(Q,)
is the closure of the set of smooth functions, which are equal to zero near T, in the norm H*(£.). It is easy
to see that the set of functions from H(f)), which satisfy inequalities (1.4) and (1.7), is convex and closed in
H(Q.). We denote it by K. '

The problem of the equilibrium of a plate with an oblique crack can be posed as a variational one:

xigf( II(x)- (2.1)

The functional II is convex and differentiable in the space H({l.), and, therefore, problem (2.1) is
equivalent to the following inequality:

xeK: Mx)x-x)20 VxekKk, (22)

where II'(x) is the derivative of the functional II at the point x.

By virtue of the inequalities b(w,w) 2 c||w|l%,ﬂc Yw € H*%(Q,) and B(W,W) > c”W[[%,Qc YW =
(w!,w?) € H'0(), the functional II is coercive in the space H(Q), i.e., II(x) — oo ||xllg(n.) — oo Since
it is weakly semi-continuous from below, we conclude that the solution of problem (2.1) [or problem (2.2)]
exists. The solution will be unique.

There is no difficulty in seeing that in the region Q. \ Qg, the equations

Ay = fy, —0ij (W) = fi, i=1,2, (2.3)

are satisfied in terms of distributions. To verify this fact, it suffices to substitute x + x into (2.2) as trial
functions, where ¥ = (W, %) € C§°(Qc \ Qly) and x is the solution of problem (2.2). Indeed, this substitution
leads to the identity II'(x)(x) = 0, x = (W, ®) € C§°(Qc \ Q¢), which means the validity of (2.3) in terms of
distributions.

Now let the point z be inner for the set QF, i.e., there is a neighborhood U of the point z which
belongs to 7. In the region (), we choose a sufficiently smooth function ¥ = (W, %) with a carrier in U
and such that (W+(z) — zVi@*(z), ot (z))n(z) > 0, where z = &(z) and z € U. Then x + x € K, where x
is the solution of problem (2.2). We substitute x + X into (2.2) as a trial function. We obtain the inequality
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II'(x)(X) 2 0, which means that the equilibrium equations (2.3) are not, generally speaking, satisfied at the
inner points Qy.
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